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Abstract 

A Hermitian and an anti-Hermitian first-order intertwining opera- 
tors are introduced and a class of jy-weak-pseudo-Hermitian position- 
dependent mass (PDM) Hamiltonians are constructed. A correspond- 
ing reference-target jy-weak-pseudo-Hermitian PDM - Hamiltonians' map 
is suggested. Some 7/-weak-pseudo-Hermitian VT -symmetric Scarf II 
and periodic-type models are used as illustrative examples. Energy-levels 
crossing and flown-away states phenomena are reported for the resulting 
Scarf II spectrum. Some of the corresponding 77-weak-pseudo-Hermitian 
Scarf II- and periodic-type-isospectral models (VT -symmetric and non- 
VT -symmetric) are given as products of the reference-target map. 

PACS numbers: 03.65.Ge,03.65.Fd,03.65.Ca 

1 Introduction 

Recently, the growing interest in non-Hermitian Hamiltonians with real spectra 
[1-9] was initiated by Bender's and Boettcher's [1] study of the non-Hermitian 
Hamiltonian 

H = p 2 + x 2 (ixf ; v > 0. (1) 

They have observed that with properly defined boundary conditions the spec- 
trum of (1) is real, positive and discrete. It is, thereafter, concerted that the real- 
ity of the spectrum of some non-Hermitian Hamiltonians might very well be at- 
tributed to their VT -symmetric settings (where V denotes parity and T mimics 
the time- reversal). More specifically, if VTHVT = H and if VT<& (x) = ±$ (x) 
the eigenvalues turn out to be real. However, if the latter condition is not satis- 
fied the eingenvalues appear in complex-conjugate pairs (cf., e.g., Z. Ahmed in 
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[1]). The Hermiticity condition as a necessity for the reality of the spectrum is 
relaxed therefore. 

In a series of papers [3], Mostafazadeh has explored the necessary and suf- 
ficient conditions for the reality of the spectra of more general diagonalizable 
Hamiltonians (not necessarily restricted to Hermiticity condition). He empha- 
sized that VT -symmetric Hamiltonians form a subclass of the so-called pseudo- 
Hermitian Hamiltonians [3,4]. That is, a Hamiltonian H is pseudo-Hcrmitian if 
it obeys the similarity transformation 

riHr]- 1 = H\ 

where 77 is a Hermitian invertible linear operator and denotes the adjoint. 

It is now a consensus that neither Hermiticity nor VT -symmetry serve as 
necessary conditions for the reality of the spectrum of a quantum Hamiltonian 
[3-10]. Yet, the existence of real eigenvalues is realized to be associated with a 
non-Hermitian Hamiltonian provided that it is an ?7-pseudo-Hcrmitian: 

V H = H^, (2) 

with respect to the nontrivial "metric" operator 77 = O^O, for some linear in- 
vertible operator O : TL^TL (H is the Hilbert space). 

However, under some rather mild assumptions, we may even relax H to be an 
77-weak-pseudo-Hcrmitian by not restricting 77 to be Hermitian (cf., e.g., Bagchi 
and Quesne [5]), and linear and/or invertible (cf., e.g., Solombrino [6], Fityo [7], 
and Mustafa and Mazharimousavi [8] ) . A classification of this sort is necessary 
to avoid contradictions with the well established r?-pseudo-Hermiticity theorems 
by Mostafazadeh [3] . 

Without enforcing invertibility in the process, we have very recently intro- 
duced a class of spherically symmetric non-Hermitian Hamiltonians and their 
77- weak-pseudo- Hermiticity generators [9], where a generalization beyond the 
nodcless ID states was proposed. We have used the same recipe and ex- 
tend it for a class of 77-weak-pscudo-Hcrmitian Hamiltonians for quantum par- 
ticles endowed with position-dependent mass (PDM) [8]. We were inspired 
by the fact that a quantum particle endowed with position-dependent mass, 
M (x) — m m(x), constitutes a useful model for the study of many physical 
problems [10-14]. For example, they are used in the energy density many-body 
problem [12], in the determination of the electronic properties of semiconductors 
[13] and quantum dots [14], etc. 

The above forms the stimuli and inspiration of this paper which is or- 
ganized as follows. In section 2, we introduce two first-order intertwining 
PDM-differential operators to construct a class of ?7-weak-pseudo-Hermitian 
PDM-Hamiltonians. A reference and target 77-weak-pseudo- Hermitian PDM- 
Hamiltonians' map is also introduced in the same section. In section 3, an 
?7-weak-pseudo-Hermitian complexified VT -symmetric Scarf II model is used 
as an illustrative reference model. Two ?7-weak-pseudo-Hermitian Scarf II- 
isospectral models are given as products of the reference-target map (for the 
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sake of completeness of this work), in the same section. An ry-weak-pseudo- 
Hcrmitian PT-symmctric reference periodic-type model is given in section 4, 
along with one of its isospectral reference-target map descendants. We conclude 
in section 5. 

2 First-order intertwining PDM-operator 77 and 
?7-weak-pseudo-Hermiticity 

For the sake of completeness and to keep the current study minimally self- 
contained, we recollect that one may avoid invertibility as a necessity for 77 and 
consider a non-Hermitian ry-weak-pseudo-Hermitian Hamiltonian H satisfying 
the intertwining relation i]H = 77. Then, if i] 1 is Hermitian, it is easy to 
show that (rj 1 H) is also Hermitian (cf.,e.g., [7]). On the other hand, if r\ 2 
is anti-Hermitian such that i] 2 = ir)\, then (rj 2 H) is anti-Hermitian too. Yet, 
in both cases, the Hamiltonian H may very well be classified as an ry-weak- 
pseudo-Hermitian. The proof of the reality of the spectrum in both cases is 
straightforward: 

Let ip n (x) and E n be the eigenfunctions and eigenvalues of H, respectively. 
Then, the Hermiticity of (riiH) implies that 

(V>„ I VlH I VJ = E n(<Pn I Vl I V>n>, 

where 

(V„ I mH I rp n ) el3 (</>„ I Vl I if> n ) =^E n eR. 

Next, the anti-Hermiticity of {r) 2 H) yields (with r\ 2 = in^ 

(V>„ I V2 H I V>J = E n(^ n I V 2 I V>J =^ »(^„ I »7l# I V>„) = iE n{*P n I Vl I V'n)- 

Then, (■(/>„ | rj 2 H \ ip n ) and (?p n \ n 2 \ ip n ) are identically pure imaginary 
resulting in E n G K. 

Hence, the reality of the spectrum for both cases is secured provided that 
(i>n I Vi I VO 7^ Oj otherwise the reality/imaginary nature of remains 
undetermined. In the forthcoming developments we shall focus only on the 
Hamiltonians satisfying the above mentioned properties. 

2.1 Consequences of Hermiticity and anti-Hermiticity on 
a first-order intertwining PDM-operator 

A first-order differential operator n 1 with position-dependent mass settings: 

Vl = -i \ft (x) d x + Gi (x)} + F 1 (x) (3) 

is Hermitian if and only if G\ (x) = // (x) /2, where fj, (x) = 1/ y/M (x), M (x) = 
m m (x) , and prime denotes derivative with respect to R 3 x G (— 00, 00). On 
the other hand, a first-order PDM-diffcrcntial operator 

T] 2 = /j (x) d x + G 2 (x) + i F 2 (x) (4) 



3 



is anti-Hcrmitian if and only if G2 (x) = fi' (x) /2. It is obvious that ?7 2 = ivji- 
Moreover, a symmetry ordering recipe of the momentum and position dependent 
mass would imply a non-Hermitian Schrodinger Hamiltonian 

H = - d -(j^j)dx + V(x)+iW{x), (5) 

where K = 2m = 1 and a = 7 = and (3 = — 1 in equation (6) of von Roos in 
[10]. 

Within the above settings, the intertwining relation 

r 1j H = H^r )j ; j = 1,2 , (6) 
(where Fj (x) , (x) , V" (x) , W (x) £ R) would imply 

2 M (x) 2 Fj (x) + 2 M (x) (x) = 0, (7) 
2^ (x) n' (x) Fj (x) + n' (x) W (x) + n (x) ' (x) + /i (x) 2 Fj' (x) = 0, (8) 

- /i (x) V ' (x) - ^/i (x) 2 m'" (x) + 2Fj (x) W(x)-n (x) // (x) /x" (x) = 0. (9) 
Which in turn yields 

W(x) = -/i(x)Fj(x), (10) 

V (x) = —Fj (x f - 1/i (x) //' (x) - i/x' (x) 2 + ao , (11) 

where a G R is an integration constant. Then our ?7-weak-pseudo-Hermitian 
PDM-Hamiltonian (5) reads 

H = —fj, (xf d 2 x - 2 M (x) ii! (x) d x + Vj (x) , (12) 

where 

Vj (x) = -Fj (xf - X -n (x) n" (x) - (xf + a Q -t^ (x) Fj (x) , (13) 

and a Q G R may very well serve for some feasible exactly solvable 77-weak- 
pseudo-Hcrmitian Hamiltonian models. Obviously, Fj (x)'s are our generating 
functions for some ry-weak-pseudo-Hermitian Hamiltonians in (12). 

2.2 Corresponding 77-weak-pseudo-Hermitian Hamiltoni- 
ans' reference-target map 

In this section we invest our experience in the point-canonical-transformation 
[8,9,11] and consider our non-Hermitian 77-weak-pseudo-Hermitian Hamiltonian 
H, in (12), in the one-dimensional Schrodinger equation: 

(H-E)^(x) = 0, (14) 
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to construct the so-called reference/old and target/new non-Hcrmitian ry-weak- 
pscudo-Hcrmitian Hamiltonians' map. 
A substitution of the form 



tp(x) =<p(q(x))/y/fj, (x) 
would result in the so-called target/new Schrodinger equation 

H {xf [q' (x)] 2 dlip (q) + fj, (x) \p (x) q' (x)]' d q ip (q) 



+ 



Fj {xf + in (x) Fj [x) + E-a a if (q) = 0. 



(15) 



Next, one may avoid the first-order derivative of ip (q) to come out with the 
traditional form of the one-dimensional Schrodinger equation and substitute 

q (x) = l/n(x) 

to obtain 

- 8$<p (q) + [a - Fj (x (q)f - tfi (x) Fj (x) - e] <fi (q) = 0. (16) 

This in turn, with 

dFj (x) _ dF 3 (q (x)) _ dq (x) dF } (q) _ 1 dFj (q) 
dx dx dx dq fi (x) dq 

collapses into the reference/old Schrodinger equation 



where 



-d 2 q <p(q)+ V eff (q)-E <p{q)=0, 



V eff (q) =a - Fj {qf - lF\ (q) 



(17) 



(18) 



The reference-target map is therefore complete and an explicit correspondence 
between two bound state problems is obtained. That is, one needs to find 
the exact, quasi-exact, or conditionally-exact solution (eigenvalues and eigen- 
functions) for the reference/old Schrodinger equation (17) and map it into the 
target/new Schrodinger equation (14), where H is defined in (12). 

3 An ?7-weak-pseudo-Hermitian PT-symmetric ref- 
erence Scarf II model 

A complexified PT-symmetric Scarf II potential 



V (x) = -Vi sech 2 q - iV 2 sechq tanhg; V 1 > 0, V 2 ^ 0, V u V 2 S 



(19) 
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is studied by Bagchi and Quesnc [15] using complex Lie algebras (sl(2,C) in 
particular). Therein, exact real eigenvalues are reported: 



E„ 



where 



n = 0,l,2,---< 



IV2I + £A/ + 



1 



W-A \-n- 



, e = ±1, (20) 



1 



^i + 7 + |V 2 |+eWy 1 + --|V 2 |-l 



On the other hand, an n-weak-pseudo-Hcrrmiticity generator of the form 



Fj (q) = — V 2 scchg => F- (<?) = V 2 sechgtanhq 
would imply (with a = 0) 

^e/ / (?) = — V 2 scch 2 g — zV2 sech q tanh g. 
Then the eigenvalues in (20), with V\ = V 2 , read 



(21) 



(22) 



E n . 



K 2 



t+ V 2 \ + e\Vo 2 + - 



1 

H -2 



e = ±l, 



(23) 



which collapses, with | V2 1 > 1/2 and e = +1, into 

n 2 



-En, 



€=+1 



iv 2 



1 

H -2 



; n = 0,1,2,- •• ,n max < (|V 2 | - 1/2). (24) 



However, for | | < 1/2 and e = ±1, and for \V 2 \ > 1/2 and e = — 1 one would 
get empty sets of energy eigenvalues. 

Nevertheless, it is obvious that the phenomenon of energy-levels crossing is 
manifested (cf., e.g., Mustafa and Znojil [2]) in the current PT-symmetric Scarf 
II energy spectrum in (24). Such a phenomenon occurs when a state E ni at 
|^2| = ^2,1 and a state E n2 at \V 2 \ = V" 2 , 2 have the same energy eigenvalues. In 
this case 

E ni (\V 2 \ = V 2A ) = E n2 (\V 2 \ = V 2 , 2 ) ; n 2 > n u 
and hence the energy-level crossing occurs when 

V" 2 , 2 - An = V24; An = n 2 - m > 0. 

It might also be interesting to observe that the so called flown away states 
phenomenon (cf., e.g., Mustafa and Znojil [2]) is feasible when \V 2 \ >> n. In 
this case, such states fly away and disappear from the spectrum. 
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3.1 Corresponding Scarf II-isospectral ^-weak-pseudo-Hermitian 
models 

Let us start with a general case and consider q(x) — ± In / (x) ; / (x) e 1 to 
imply 

M (x) = [d x In ./ {x)f / (x) = exp |± J y/Mtfd^j (25) 

and 

V efJ (x,q = ±\nf(x)) = -W 2 I[ > T 2iV 2 —^ > (26) 

(f(xf + l) (/W 2 + l) 

Then, a class of Scarf II-isospectral ?7-weak-pseudo-Hermitian models is now 
generated and / (x) may very well be considered as a Scarf II-isospectral PDM 
77-weak-pseudo-Hermiticity generator. Of course, as long as a chosen / (x) gen- 
erates a physically acceptable position dependent mass function M (x) . 

Under such settings, one may conclude that the number of the related Scarf 
II-isospectral ?7-weak-pseudo-Hermitian models is large, we only choose two (in 
one) illustrative models: 

An / (2) = (x 2 + l) would lead to 

q (x) = In (x 2 + 1) = f y/M(z)dz => M (x) = ^ (27) 
J (x 2 - + 1) 



and 



(x 2 + l) 2 (x 2 + l)((x 2 + l) 2 -l) 

V eff (x) = -W 2 [ - +L) 2iV 2 K ^ 1>, (28) 

({x 2 + l) 2 + lj ({x 2 + l) 2 + lj 

which is a non-singular non-T-'T-symmetric ?7-wcak-pscudo-IIcrmitian model. 

4 An 77-weak-pseudo-Hermitian PT-symmetric ref- 
erence periodic-type model 

An ?7-weak-pscudo-Herrmiticity generator of the form 

would imply (with a = 0) an effective periodic-type PT-symmetric reference 
potential of the form 

- 1 (-30 cos 2 q + 24) 4isin2g 25 

V 'ft® ~ 9 (cos 2 q-l) 2 + 3(cob' 9 -±)* - 16- (30) 
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In a straightforward manner one may show that 

6 



V ef f(q) 



(cosg + 2i sinq) 2 



25 
16' 



(31) 



Such an effective potential represents a "shifted by — ft" Samsonov's and Roy's 



[2] periodic potential model. The solution of which is reported for the interval 
q e (— 7r, 7r) with the boundary conditions ip (—it) = ip (n) = as 



(q) = | [(16 — n 2 ) cos g — 2z (n 2 — 4) sing] sin ^ (7r + q) 



-6n sing cos 



— (7r + q) j (cosg + 2ising)~ 1 



and 



E n 



25 



n = 1,3,4,5,- 



(32) 
(33) 



n 

T ~ 16 ' 

with a missing n = 2 state (the details of which can be found in Samsonov and 
Roy [2]) 



4.1 Corresponding periodic-type-isospectral ??-weak-pseudo- 
Hermitian models 

One of the choices for q (x) is the class of models descending from q (x) = 
arctan g (x) ; g (x) G R to imply 



and 



M{x) 



Veff (x) = - 



d x -g (x) 
l + g(x) 

(g(x) 2 + i) 



1 2 



25 
16' 



(34) 



(35) 



(l + 2ig{x)f 

Then, a class of periodic-type isospectral non-PT-symmetric (for even g (x) and 
PT-symmetric for odd g (x)) 77-weak-pscudo-Hcrmitian models (not necessarily 
periodic-type) is generated, where g (x) is now a periodic-type isospectral PDM 
77-weak-pscudo-Hcrmiticity generator. Again, as long as a chosen g (x) generates 
a physically acceptable position dependent mass function M (x) . 

To illustrate the process, let us take g(x) = x then M (x) = (l + x 2 ) and 



Veff (X) 



6(x 2 + l) 25 

(iT^-l6 ; ^^(-ocoo). 



(36) 



Next, one may choose to work the other way around and start with M (x) 



(1 



to come out with the same Veff (x) in (36). 



8 



5 Conclusion 



In this work, we have introduced two first-order intertwining PDM-differential 
operators (a Hermitian rj 1 and an anti-Hermitian rj 2 = irj-^) and constructed a 
class of fy-wcak-pseudo- Hermitian PDM-Hamiltonians. We have observed that 
the Hcrmiticity of (r) 1 H) and the anti-Hermiticity of (rj 2 H) leaves the form 
of the resulting ry-weak-pseudo-Hcrmitian PDM-Hamiltonian invariant (cf. (16) 
and/or cquivalcntly (18)) regardless of the Hcrmiticity nature of our intertwining 
first-order differential operators n 1 and n 2 - Moreover, we have used a Liouvilean- 
type change of variables, q' (x) — l//i(x), and constructed the corresponding 
reference-target ry-weak-pscudo-Hcrmitian PDM - Hamiltonians' map. Hence, 
an explicit correspondence between two bound-state problems is obtained. 

Within the setting of such reference-target map, we have generated a com- 
plexified VI -symmetric Scarf II model and reported/fine-tuned its exact eigen- 
values along with two ?7-weak-pseudo-Hermitian Scarf Il-isospectral models. 
We have also generated an ?7-weak-pseudo-Hermitian PT-symmetric reference 
periodic-type model and reported one of its isospectral reference-target map 
descendants. Nevertheless, one should be reminded that the number of the 
isospectral reference-target map descendants is not only limited to one and/or 
two but rather remains elusive and unexplored as yet. 

Under the parametric settings generated for our complexified VT -symmetric 
Scarf II model, we have reported and discussed the phenomenon of energy -lev els 
crossing and the feasible manifestation of flown away states phenomenon. The 
reader may refer to Mustafa and Znojil [2] for more details on these phenom- 
ena. Nevertheless, more comprehensive details on the energy levels-crossing 
phenomenon the reader may wish to refer to, e.g., Guida et al. [17] who studied 
the energy-levels crossing of fermionic systems in Instanton-Anti-Instanton val- 
ley, Nishino and Dcguchi [18] who discussed energy-levels crossings in the one 
dimensional Hubbard model, and Bhattacharya and Raman [19] who elaborated 
on the detection of energy-levels crossings and presented an algebraic method 
of finding such crossings. 

However, in the process of testing a complexified non-'PT -symmetric Morse 
model, we observed that a generating function of the form Fj (q) = ne~ q would 
lead to 

V e ff(q) = -v 2 e~ 2q +ive- q . (37) 

The bound-state solutions of which form an empty set of eigenvalues (cf., e.g., 
Bagchi and Quesne [15] and Ahmed [16]). Although the potential in (26) re- 
mains an ?7-weak-pseudo-Hermitian, it rather represents an unfortunate refer- 
ence model and consequently leading to a set of unfortunate isospectral ?7-weak- 
pseudo- Hermitian target Hamiltonians. 

Aknowledgement: We would like to thank the referee for the tremendous 
effort and valuable suggestions. 
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